The quantum theory of U(1) connections admits a diffeomorphism invariant representation in which the electric flux through any surface is quantized. This representation is the analog of the representation of quantum SU(2) theory used in loop quantum gravity. We investigate the relation between this representation, in which the basic excitations are 'polymer-like', and the Fock representation, in which the basic excitations are wave-like photons. We show that normalizable states in the Fock space are associated with 'distributional' states in the quantized electric flux representation. This work is motivated by the question of how wave-like gravitons in linearised gravity arise from polymer-like states in non-perturbative loop quantum gravity.
Introduction
The loop quantum gravity approach [1, 2] is based on a Hamiltonian description of classical general relativity in which the basic configuration variable is a connection [3, 4] and its conjugate is a triad field. The spatial 3-metric on a Cauchy slice is constructed from the triad and the connection contains information about the extrinsic curvature of the slice as embedded in the spacetime, thus establishing contact with the usual Arnowitt-Deser-Misner formulation. In the quantum theory, the basic connection dependent operators are holonomies of the connection around loops in the Cauchy slice [5, 6] .
In recent years the approach has been put on a firm mathematical footing with the following key features. A (quantum) configuration space, A/G, of (generalised) SU(2) connections modulo gauge and a canonical diffeomorphism invariant measure, dµ 0 (also called the Ashtekar-Lewandowski measure [7] ), on A/G have been constructed [8, 7, 9, 10, 11] . The space L 2 (A/G, dµ 0 ) provides a kinematical Hilbert space on which the (self adjoint) SU(2) holonomy operators act by multiplication.
This kinematical Hilbert space is spanned by an orthonormal set of 'spin network'
states, each associated with an oriented, closed graph whose edges are labelled by representations of SU(2) [12, 13] .
Every spin network state is an eigen state of operators corresponding to the area of 2-surfaces in the Cauchy slice -roughly speaking, the area of a surface gets a contribution of j(j + 1) units of Planck area from each edge labelled by spin j which intersects the surface transversely. Since the area operator is constructed from the triad field (or equivalently the SU(2) electric field), the edges of the graph may be thought of as carrying quanta of non abelian electric flux. Since the edges are 1 dimensional, the intuitive picture of states in L 2 (A/G, dµ 0 ) is of 'polymer like' quantum excitations.
As noted earlier, L 2 (A/G, dµ 0 ) is a kinematical structure. The dynamics of general relativity in its canonical description is encoded in the diffeomorphism and Hamiltonian constraints. Physical states in the quantum theory are in the kernel of the corresponding quantum constraint operators. The representation of holonomies, functionals of the triad, as well as the unitary action of diffeomorphisms on L 2 (A/G, dµ 0 ) provides a representation of the diffeomorphism constraints [14] , and in a key breakthrough by Thiemann, the Hamiltonian constraint [15] . It turns out that elements of the kernel of the constraints are 'too distributional' to be normalizable states in There are many aspects of this yet-to-be-understood relation between perturbative and nonperturbative states and we shall focus on only one of them, namely, the dramatically different nature of the basic excitations in Fock space and in loop quantum gravity: whereas Fock space gravitons can be thought of as propagating 3d wave-packets, states in loop quantum gravity are associated with 1d polymer-like excitations.
This aspect of the relation between perturbative and non perturbative states in quantum gravity can be isolated and studied in the simpler yet highly instructive context of source free Maxwell theory. To this end, consider a U(1) connection on a spatial slice diffeomorphic to R 3 . Starting from the Poisson bracket algebra of U(1) holonomies around loops in R 3 , it can be seen that exact counterparts of the SU(2) constructions of loop quantum gravity exist [8, 7, 16, 17] . Thus, a canonical diffeomorphism invariant measure exists on the quantum configuration space of generalised U(1) connections modulo gauge (we shall continue to denote these by dµ 0
and A/G -it will be clear from the context whether these symbols refer to SU(2) or U(1)), holonomies act as unitary operators by multiplication on L 2 (A/G, dµ 0 ), and In sharp contrast to this, is the usual Poincare invariant quantum theory of a U(1) connection on a fixed flat spacetime with flat spatial slices diffeomorphic to R 3 .
Here, the connection and its conjugate electric field are represented as operator valued distributions on the Fock space of photons where the basic quantum excitations are 3d and wave-like.
Thus quantum U(1) theory presents an excellent arena to discuss the question raised earlier, namely how can the 3d wave-like excitations of Fock space arise from underlying 1d polymer-like excitations?
At first sight, the Fock and the qef representations are very different. In the Fock representation, the connection is an operator valued distribution which needs to be smeared in 3 dimensions to obtain a well defined operator. Holonomies of this operator valued distribution involve smearings only over the 1 dimension provided by the loop, and are not well defined. In contrast, in the qef representation, holonomies are well defined operators on L 2 (A/G, dµ 0 ). In section 2 we review our previous results [18] which point to a way around this apparently insurmountable obstacle to relating the two representations.
In section 3 we present our main result, namely that states in the Fock representation are associated with distributional sums of charge network states in the qef representation. This mirrors the mathematical structure of loop quantum gravity in the sense that, there, physical states are associated with distributional sums of spin network states in the kinematic Hilbert space. Section 4 contains a discussion of our results and some concluding remarks.
We shall use units in whichh = c = 1.
The Issue of Smearing
Since the abelian Poisson bracket algebra of holonomies is the primary structure from which the qef representation is obtained [17, 18] , we would like to relate the Fock representation to this holonomy algebra. As noted earlier, the usual Fock representation is not a representation of the holonomy algebra because the connection operators in this representation are too singular for their holonomies to be defined. Instead, it is possible to obtain the usual Fock representation as the representation of a related algebra of 'smeared holonomies'. By using the smeared holonomy algebra as a link between the algebra of holonomies and the Fock representation we shall be able to relate the two.
In order to define the smeared holonomies we recall the following definitions from [19, 18] . x denotes Cartesian coordinates of a point on R 3 . A is the space of smooth around α is H α (A) := exp(i α A a dx a ). The holonomy can equivalently be defined as
with
where s is a parametrization of the loop γ, s
is called the form factor of γ. The Gaussian smeared form factor [19] is defined as
where
approximates the Dirac delta function for small r.
Then, the smeared holonomy is defined as
As shown in [18] , the Fock representation is a representation of the Poisson bracket algebra generated by the smeared holonomies, H γ (r) (A) and the electric field E a ( x):
These Poisson brackets are generated from the elementary Poisson brackets
Here, q 0 is a parameter with the units of electric charge [16] . In the Fock representation, the smeared holonomies,Ĥ γ (r) , are unitary operators and the electric field,
How is the above algebra involving smeared holonomies and the electric field related to the holonomy algebra? To this end we define the classical Gaussian smeared
The Poisson bracket algebra generated by the (unsmeared) holonomies and the Gaussian smeared electric field is
Then, as is hinted by (6) and (9) and proved in detail in [18] , the abstract algebraic structures underlying the Poisson bracket algebras generated by (H γ (r) (A), E a ( x)) and
, and H γ (r) (A) and H γ (A) may be identified with the same abstract objects as far as the algebraic structure of the two Poisson bracket algebras is concerned. Therefore, any representation of the Poisson bracket algebra generated by (H γ (r) (A), E a ( x)) defines a representation of the Poisson bracket algebra generated by (H γ (A), E a r ( x)). In particular, the Fock representation of the (H γ (r) (A), E a ( x)) algebra defines a representation of the 
. This defines the r-Fock representation as the cyclic representation generated from the r-Fock 'vacuum' |0 r > with vacuum expectation values
. (13) The fact that the holonomies are well defined operators in the r-Fock representation allows us to related the r-Fock representation and the qef representation in a fairly direct manner, as we show in the next section. Since we shall phrase our argument in terms of measurements of Fourier modes, we first discuss the behaviour of Fourier modes under Gaussian smearing. Given any function h( x), its Fourier transform is
and its Gaussian smeared version is
It follows that
In particular we have
and
From (17) and (5) it follows, in obvious notation, that
Consider measurements of quantities at or above a length scale L. More precisely, let the measurements be of Fourier modes, E a ( k), A a ( k) of the electric and connection fields (in, say, the Coulomb gauge) for k ≤ 1 L
. Further, let the accuracy of the measurement process be characterised by the positive number δ.
are the accuracies to which E a ( k), A a ( k) are measured, then δ is defined through (18) and (19)), it is straightforward to see that for any state in the Fock space there exists a state in the r-Fock space such that the above type of measurement can never distinguish between the two.
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We loosely interpret this statement to mean that, given measurements at some length scale performed to some finite accuracy, there is always a sufficiently small r such that the r-Fock representation is experimentally indistinguishable from the usual Fock representation. Although for Maxwell theory the introduction of a length scale seems arbitrary, in the context of linearised gravity it is necessary to restrict attention to length scales much larger than the Planck scale or else the linearised approximation will not be physically valid.
Hence, for the remainder of the paper we may alter our original question to : how can the 3d wave-like excitations of r-Fock space arise from underlying 1d polymer-like excitations?
3. r-Fock states as distributions in the qef representation
In this section the r-Fock space representation is derived from the qef representation by identifying the r-Fock vacuum as a distributional state in the qef representation.
We show that the r-Fock vacuum can be written as a formal non-normalizable sum of charge network states and that it resides in the algebraic dual to the space of finite linear combinations of charge network states.
In section 3.1 we briefly review the properties of charge network states as well as the definition of the algebraic dual representation. In section 3.2.1 we encode the Poincare invariance of the Fock vacuum in a relation between smeared holonomy and electric field operators. In section 3.2.2 we show how this relation implies the identification of the r-Fock vacuum with a distributional sum of charge network states.
Charge network states
Straightforward repetitions of constructions for the SU(2) case of loop quantum gravity [12, 11, 10, 13] lead to the following results for U(1) charge networks. 
i.e. the inner product vanishes unless α = γ and q i = p i , i = 1..N.
(2) The electric field operator acts aŝ
Here
In this equation e i denotes the ith edge of γ and is parametrized by the parameter s i
so that e i (s i ) is the coordinate of the point on the edge e i at parameter value s i .
The electric flux operator associated with a surface S with surface normal n a acts
Here the index i S ranges only over the edges of γ which intersect the surface S.
κ i S = 1 iffė i S a n a > 0, κ i S = −1 iffė i S a n a < 0 and κ i S = 0 iffė i S a n a = 0. This action may be derived rigorously via a regularization along the lines of [20] .
From (23), every charge network state |γ, {p} > is an eigen state of the electric flux operator and the edges of γ may be pictured as carrying quanta of electric flux in multiples of q 0 −1 . Although physical intuition for (and, indeed, the naming of) the qef representation arises from this property of the electric flux, the electric flux operator itself will not play a role in the considerations of this work. Instead, it is the Gaussian smeared electric field operator which we will play a key role and we now exhibit its action on charge network states.
In the notation of (3), it follows that (21) implieŝ
In addition to (1) and (2), the abelian nature of U(1) implies the following. 
Here β = β 
where v ± i are the vertices of γ which constitute the beginning and end points of e i and Q(v) is a path from the base point x 0 to the point v such that Q(v) intesects γ at most at a finite number of isolated points. It can be verified that
and that (25) holds. For this reason we denoteĤ β byĤ γ,{p} .
Conversely, it can be checked that for any loop β ∈ L x 0 , X a β ( x) = X a γ,{p} ( x), where the closed, oriented graph γ is the union of the edges which comprise β with the orientations of the edges in γ chosen arbitrarily and the labelling {q}, given such a choice of orientation is as follows. Let the number of times an edge e i is traversed in β, in the same direction as its orientation in γ, be q 1i . Let the number of times the edge e i is traversed in β, in the opposite direction to its orientation in γ, be q 2i . Then e i is labelled by q i = q 1i − q 2i . Henceforth, we shall use the labelling of holonomies by their associated charge networks (i.e. H γ,{p} ) interchangabley with their labelling by loops (i.e.H β ). Thus, if there is no charge labelling in the subscript to H, the label is to be understood as a loop else as an associated charge network.
(4) Consider the holonomy operator associated with charge network label (α, {q}).
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ThenĤ α,{q} maps |γ, {p} > to a new charge network state based on the graph γ ∪ α consisting of the union of the sets of edges belonging to γ and α. 5 The edges of γ ∪ α are oriented and labelled with charges as follows. Edges which are not shared by γ and α retain their orientations and charge labels. Any shared edge labelled by the charge p in γ retains its orientation from γ and has charge p + q if it has the same 4 Strictly speaking the discussion should and can be framed in terms of holonomically equivalent labels (i.e. (α, {p}) is equivalent to (β, {q}) iff X a α,{p} = X a β,{q} ). We gloss over this subtlety in the interest of pedagogy. 5 It is assumed that edges of α, γ overlap only if they are identical and that intersections of α, γ occur only at vertices of α, γ . This entails no loss of generality, since we can always find graphs which are holonomically equivalent to α, γ and for which the assumption holds.
orientation in α and charge p − q if it has opposite orientation in α. We denote this new state by |γ ∪ α, {p ∪ q} >. Thuŝ H α,{q} |γ, {p} >= |γ ∪ α, {p ∪ q} > .
(28)
It can be checked that (20), (24) and (28) 
Equations (29) and (30) provide an (anti-)representation of the Poisson bracket algebra (9) . Note that D * merely provides a linear representation space for the dual representation -it does not inherit any natural inner product from D.
In section 3.2 we shall see that the natural arena to discuss the relation between the r-Fock representation and the qef representation is the space of algebraic duals,D * .
The condition of Poincare invariance
Even in linear quantum field theory there is no analog of the Stone-von Neuman uniqueness theorem for quantum mechanics on a vector space. Hence there are infinitely many inequivalent representations of the Poisson bracket algebra of smeared holonomies (see equation (6)). The Fock space representation is singled out by the additional requirement of Poincare invariance, which in turn, is encoded in the specific choice of complex structure (i.e. the positive-negative frequency decomposition)
for the Fock representation. This choice is equivalent to the requirement that the Fock vacuum be a zero eigenstate of the Fock space annihilation operators. In section 3.2.1 we shall express this requirement as a relation between the action of the smeared holonomy and electric field operators on the Fock vacuum (see equation (37)).
The image of this relation in the r-Fock representation (see equation (38)) may be thought of as a condition which picks out the r-Fock vacuum. In other words, the r-Fock vacuum may be thought of as a solution to the condition (38). Since this condition relates the action of the holonomy and the smeared electric field operators, it is well defined in any representation of the Poisson bracket algebra of equation (9).
In section 3.2.2 we impose the condition (38) in the (dual-)qef representation and show that it has a unique (upto a multiplicative constant) solution! Since this condition is deduced from the requirement of Poincare invariance, we may interpret the solution of (38) as the r-Fock vacuum expressed as a state in the (dual-)qef representation.
Poincare invariance in terms of smeared holonomies
Our conventions for the Fock space representation are as follows. The expansions of the field operators in Coulomb gauge arê
The commutation relation between the annihilation and creation operators is
Using these equations, the vacuum expectation value of the smeared holonomy operator (also called, in the language of [18] , 'the Fock Positive Linear Functional' or the Substitution of this in (39) and projection of the resulting equation onto the ket |β, {t} > yields
Orthonormality of the charge network states, together with (24) and (28), implies
This equation can now be solved for the coefficients c γ,{p} ; of course, since the equation is linear and homogeneous the solution will be ambiguous by an overall constant. We fix this ambiguity by setting the coefficient labelled by the trivial graph γ = 0, 0(s) = x 0 , to be unity. Then setting β = 0 in (42) yields
for every charge network |α, {q} >. It may be verified that, miraculously, this also provides a solution to (42)! Thus
is the unique (upto an overall constant) solution to the condition (39)! We identify Φ 0 as the state corresponding to the r-Fock vacuum.
As shown in [18] As noted earlier, D * (and hence L * ) is not equipped with an inner product. Therefore an inner product on L * must be chosen which implements the classical 'reality conditions', namely H * γ,{p} = H γ,{−p} and E r ( x) * = E r ( x), 7 on the corresponding quantum operators. It can be verified that the following inner product (naturally extendible to all of L * ) implements the reality conditions:
It follows that the Cauchy completion of L * with respect to this inner product results in a Hilbert space which can be identified as r-Fock space and that the representation given by equations (29) and (30) is exactly the r-Fock representation.
Concluding remarks
In this work we have related the diffeomorphism invariant, non-seperable quantized the 'kinematic' inner product (20) , we feel that our results will play an important role in relating gravitons to physical states in loop quantum gravity. In the loop quantum gravity case there are other complications such as the 'linearization' of the non abelian gauge group to 3 copies of U(1) [19] , as well as the identification of a state corresponding to flat spacetime. These issues are currently under investigation.
Apart from potential applications to quantum gravity, it would be of interest to understand the r-Fock representations in their own right. In this regard we raised the question in [18] as to whether the r-Fock representation could be realised as an L 2 (A/G, dµ F (r) ) representation for some measure dµ F (r) on A/G. As we show in the appendix, the answer to this question is in the affirmative and it would be of interest to understand the properties of this new r-Fock measure. Whether these new representations have applications outside of loop quantum gravity remains to be seen. 
is continuous with respect to the C * norm, || 
Also, from (10) 
This implies that Γ F (r) is continuous with respect to || || and hence that an r-Fock measure, dµ F (r) exists on A/G.
